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Natural convection heat transfer in a horizontal elliptic annulus filled with saturated porous media is investigated
experimentally and numerically. The inner horizontal elliptic tube is heated under constant heat flux conditions and
is located concentrically in a larger isothermally cooled horizontal cylinder. Both ends of the water-saturated porous
annulus are closed. The heated elliptic tube was made of copper material and has an axis ratio (AR = a/b) of 3.0.
The porous media used in the experiments were made of sandstone and glass materials with different solid thermal
conductivities and particle diameters. The elliptic tube orientation angle is varied from 0◦ to 90◦, and the hydraulic
radius ratio, HRR = Ro/Ri, is 6.85. The numerical solution scheme is based on a two-dimensional model, which is
governed by Darcy-Boussinseq equations. The inner elliptic cylinder is heated isothermally, while the outer circular
cylinder is also cooled isothermally. Discretization of the governing equations is achieved using a finite element scheme
based on Galerkin method of weighted residuals. The effect of pertinent parameters such as modified Rayleigh number,
Ra (Rayleigh-Darcy), orientation angle of the elliptic cylinder, δ, and the axis ratio of the elliptic cylinder, AR, is
investigated. The numerical results obtained from the present model are compared with the available published results
and with the present experimental results, and good agreement is found. The variation of the average Nusselt number
with the investigated parameters is presented. It is concluded that the effect of modified Rayleigh number, which includes
the effect of fluid properties, porous medium properties, and operating conditions on the average Nusselt number, is
more significant than the effect of the geometric parameters such as the elliptic cylinder orientation angle and the elliptic
cylinder axis ratio. The results showed that the average Nusselt number increases with the increase of the modified
Rayleigh number. Also, the flow and heat transfer characteristics are illustrated via stream function and isotherms
contours. Moreover, an empirical correlation for the average Nusselt number is obtained as a function of Rayleigh
number, elliptic cylinder orientation angle, and elliptic cylinder axis ratio.
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1. INTRODUCTION

Natural convection heat transfer in a horizontal porous
annulus has been the subject of many investigations in
recent years. The motivation of these studies was de-
rived from their technological applications such as ther-
mal insulation, thermal storage systems, cryogenics, nu-
clear reactors, and underground electrical transmission
lines (Charrier-Mojtabi, 1997; Khanafer et al., 2008).

The analysis of natural convection in a cylindrical
porous annulus has been studied experimentally and nu-
merically by several investigators. The first experimen-
tal and numerical work on porous annuli was done by
Caltagirone (1976), who studied a concentric cylindri-
cal porous layer with a radius ratio of 2. For Rayleigh
numbers below 65, Caltagirone observed a steady two-
dimensional flow regime with two symmetric convec-
tive cells. For high Rayleigh numbers, fluctuating three-
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NOMENCLATURE

A dimensionless element area T temperature (◦C, K)
AR Axis ratio of the elliptic cylinder (a/b) u x-direction velocity component (m/s)
a major axis length of the elliptic cylinder (m) v y-direction velocity component (m/s)
am, bm, cm coefficients of Eq. (19) x, y Cartesian coordinates (m)
b minor axis length of the elliptic cylinder (m) X,Y dimensionless Cartesian coordinates
cp specific heat at constant pressure (J/kg K)
D hydraulic diameter of the elliptic cylinder (m) Greek Symbols
Da Darcy number, Da= K/R2

i α thermal diffusivity (m2/s)
E total number of elements β coefficient of thermal expansion (K−1)
e element γ angle
{F1}, {F2} force vector, Eqs. (21a,b) Γ domain boundary
g gravity acceleration (m/s2) δ orientation angle
hx local heat transfer coefficient (W/ m2 K) ν kinematic viscosity (m2/s)
HRR hydraulic radius ratio,Ro/Ri µ dynamic viscosity (kg/m s)
K permeability (m2) ψ stream function (m2/s)
[K1], [K2] stiffness matrices, Eqs. (21a,b) Ψ dimensionless stream function
k thermal conductivity (W/m K) Ω bounded domain
m nodal point of the linear θ dimensionless temperature

triangular element 1, 2, 3 ρ density (kg/ m3)
N interpolation function
Nulocal local Nusselt number Subscripts
Nu average Nusselt number, defined in Eq. (17)c cold
n normal direction to the surface e effective
P circumference of the elliptic cylinder (m) f fluid
p pressure (Pa) h heater
qH heat flux (W/m2) i inner
R hydraulic radius (m) o outer
Ra∗ Rayleigh number, r reference

Ra∗ = gρfcfβf (Ti − To)R
3
i /keνf

Ra modified Rayleigh number, Superscripts
Ra= gρfcfβfK(Ti − To)Ri/keνf e element level

dimensional effects were observed in the upper part
of the layer, although the lower zone remained two-
dimensional. Burns and Tien (1979) analyzed natural
convection in concentric spheres and horizontal cylin-
ders filled with a porous medium using a finite differ-
ence method. Vasseur et al. (1984) investigated a nu-
merical study of two-dimensional laminar natural con-
vection between horizontal concentric cylinders filled
by a porous layer with internal heat generation using
Darcy-Oberbeck-Boussinesq equations. Kaviany (1986)
conducted the non-Darcian effects on natural convection

in confined porous media between horizontal cylinders. It
was reported that the effects of inertia, velocity-square,
and solid boundary terms reduced the total heat trans-
fer rate, with the boundary term being the most signif-
icant factor. Rao et al. (1987, 1988) solved the Boussi-
nesq equations in two and three dimensions using the
Galerkin finite element method. Three possible numeri-
cal solutions depending on the initial conditions were ob-
tained for a radius ratio of 2 and Rayleigh number above
65. Numerical study of two-dimensional convection in
a horizontal annulus filled with porous material in the
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presence of a permeable boundary was treated by Stew-
art and Burns (1992). They illustrated that multicellular
flows occurred at the highest Rayleigh numbers investi-
gated. Mota and Saatdjian (1994, 1995) studied numer-
ically natural convection in a horizontal cylindrical an-
nulus filled with a porous medium by solving the two-
dimensional Boussinesq equations using a finite differ-
ence method. A closed hysteresis loop was observed for
radius ratios above 1.7 and for Rayleigh numbers above
a critical value. Charrier-Mojtabi (1997) carried out a nu-
merical investigation of two- and three- dimensional free
convection flows in a saturated porous horizontal annu-
lus. The study considered an annulus that is heated at the
surface of the inner cylinder, using a Fourier-Galerkin ap-
proximation for the periodic azimuthal and axial direc-
tions, whereas a collocation–Chebyshev approximation
was used in the confined radial direction. In this study,
the Darcy-Boussinesq formulation was employed in terms
of pressure and temperature. Saravanan and Kandaswamy
(2003) conducted a linear stability analysis for a viscous
flow induced by internal heat sources in a vertical annular
porous region bounded by two concentric cylinders. The
perturbation equations are solved by a Chebyshev collo-
cation spectral method. The effects of the porous parame-
ter and the radius ratio are examined. Aldoss et al. (2004)
have studied the steady natural convection from a hori-
zontal annulus filled partially or totally with a saturated
porous medium where the effects of different physical pa-
rameters have been examined. It was found that an annu-
lus completely filled with porous media has the best in-
sulating effectiveness, and it is superior over the partially
filled cases. In the case of an annulus partially filled with
porous media, having the porous media located adjacent
to the outer cylinder is proved to be much more effective
than the inner layer case. Jha (2005) studied numerically
free convection through a vertical porous annulus with
mixed boundary conditions. It was concluded that the
Darcy number and the radius ratio are the governing fac-
tors for heat transfer through an annular porous medium.
Cheng (2006) examined the effects of the modified Darcy
number, the buoyancy ratio, and the inner radius gap ratio
on the fully developed natural convection heat and mass
transfer in a vertical annular non-Darcy porous medium
with asymmetric wall temperatures and concentrations.
It was found that an increase in the buoyancy ratio or
in the radius ratio led to an increase in the volume flow
rate and the total heat rate added to the fluid. Leong and
Lai (2006) obtained analytical solutions for natural con-
vection in concentric cylinders with a porous sleeve using
the perturbation method and Fourier transform approach.

The porous sleeve was press-fitted to the inner surface of
the outer cylinder. It was found that at a higher Rayleigh
number, when heat convection becomes more important,
it is expected that the porous sleeve thickness will play
a much more important role in heat transfer. Khanafer
et al. (2008) studied a numerical investigation of natural
convection heat transfer within a two-dimensional, hori-
zontal annulus that is partially filled with a fluid-saturated
porous medium. Both cylinders are maintained at constant
temperatures, with the inner cylinder being subjected to a
relatively higher temperature than the outer one. It was
illustrated that the maximum predictions of the average
Nusselt number are found to depend mostly on the ther-
mal conductivity ratio for a relatively thick porous sleeve
as they exhibit better heat transfer rate when consider-
ing large thermal conductivity ratios. Kumari and Nath
(2008) studied unsteady natural convection flow from a
horizontal cylindrical annulus filled with a non-Darcy
porous medium. It was observed that the annulus com-
pletely filled with a porous medium has the best insulat-
ing effectiveness. Aldoss (2009) investigated numerically
natural convection from a horizontal annulus filled with
porous medium of variable permeability using a finite vol-
ume method. The investigated annulus radius ratio was
2.0. The effect of the permeability variation on the flow
and heat transfer of the annulus was presented in terms of
velocity and temperature profiles, Nusselt number, skin
friction coefficient, and pressure coefficient at both the
inner and outer walls of the annulus. The transient nat-
ural convection flow on a heated cylinder buried in a
semi-infinite liquid-saturated porous medium was stud-
ied numerically by Kumari and Nath (2009). The coupled
partial differential equations governing the flow and heat
transfer are cast into streamfunction–temperature formu-
lations, and the solutions are obtained from the initial time
to the time when steady state is reached. The heat transfer
was found to change significantly with increasing time in
small time intervals immediately after the start of the im-
pulse change, and steady state is reached after some time.

Our survey of relevant literature saw fewer publica-
tions on natural convection in an elliptical annulus. Lee
and Lee (1981) attempted to formulate the free convection
problem in terms of elliptical coordinates for the sym-
metrical cases of oblate and prolate elliptical annuli and
have performed experiments for this geometry. Elshamy
et al. (1990) conducted numerically laminar natural con-
vection between confocal horizontal elliptical cylinders
and developed correlations for the average Nusselt num-
ber. Cheng and Chao (1996) employed the body-fitted
curvilinear coordinate transformation method to gener-
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ate a nonstaggered curvilinear coordinate system and per-
formed a numerical study for some horizontal eccentric
elliptical annuli. Saatdjian et al. (1999) studied numeri-
cally natural convection heat transfer in the annular region
between porous confocal ellipses using a finite difference
method. Mota et al. (2000) conducted numerically natu-
ral convection heat transfer in horizontal eccentric ellip-
tic annuli containing saturated porous media using high-
order compact finite differences on a very fine grid. It
was demonstrated that the savings in heat transfer can be
further improved if the elliptic annular shape is made ec-
centric. Chmaissem el al. (2002) carried out a numerical
study of the Boussinesq model of natural convection in an
annular space, having a horizontal axis bounded by cir-
cular and elliptical isothermal cylinders. The matrix sys-
tem is solved using a finite element method that utilizes
Cartesian coordinates and a vorticity–streamfunction for-
mulation associated with an iterative technique. Djezzar
and Daguenet (2006) studied numerically natural steady
convection in space annulus between two elliptic confo-
cal cylinders using a finite volume method. The effect of
Rayleigh number and the system slope angle is investi-
gated for Pr = 0.7. Sakr et al. (2008) investigated experi-
mentally and numerically natural convection heat transfer
in horizontal elliptic annuli. It was found that the aver-
age Nusselt number is increased with increasing Rayleigh
number.

The objective of the present work is to study experi-
mentally and numerically natural convection heat trans-
fer in a horizontal elliptic annulus containing saturated
porous media. The effect of Rayleigh number, elliptic
cylinder orientation angle, and axis ratio of the elliptic
cylinder on the flow and heat transfer characteristics will
be presented.

2. EXPERIMENTAL SET UP

The present experimental setup, which is used to investi-
gate natural convection heat transfer in a horizontal ellip-
tic annulus filled with saturated porous media, is shown
schematically in Fig. 1. It consists mainly of three main
parts: The heating system, the cooling system, and the
measuring system. The test section is designed to have
the facility of changing the porous medium with different
particle diameters and materials. Two concentric horizon-
tal cylinders, the outer one circular and the inner one ellip-
tic, are used to form an annular region. The outer cooled
circular cylinder was made from copper of 200 mm outer
diameter, 2 mm thickness, and 300 mm length. The inner
heated elliptic cylinder was also made of copper material
with a major diameter,a, of 42 mm, 2 mm thickness, and
length of 300 mm. The elliptic cylinder has an axis ratio,
AR (a/b), of 3.0, and the hydraulic radius ratio,HRR
(Ro/Ri), is 6.85. A special mechanism is used to maintain

FIG. 1: Experimental setup layout
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a certain angle of orientation for an inner elliptic cylinder
that varies from 0◦ (major axis is horizontal) to 90◦ (ma-
jor axis is vertical). The inner elliptic cylinder is heated
at constant heat flux by an electric heating element. A
nickel-chrome tape of 0.2 mm thickness and 4 mm width
and a resistance 12Ω is wound helically around a mica
strip of 25 mm width and 2 mm thickness with a pitch of
1 mm inserted inside the elliptic cylinder; this provided
the condition of approximately constant heat flux. Sixteen
precalibrated copper-constantan thermocouples (0.4 mm
wire diameter) were distributed circumferentially and em-
bedded at a depth of 0.8 mm from the outer surface of
the copper elliptic cylinder at mid-span distance to mea-
sure the surface temperature of the inner elliptic cylinder.
The inner surface of the outer cooling cylinder is kept at a
constant surface temperature (low temperature) by using
a circulating water system, which is pumped through a
wounded coil (with a pitch 0.5 mm) on the outer cylinder
surface by a pump of 0.5 hp from a reservoir, as shown in
Fig. 1. Two acrylic polystyrene covers of 300 mm diam-
eter and 10 mm thickness are fixed to the outer cylinders
and holed to permit the fixation of the inner elliptic cylin-
der. The space between the inner and the outer cylinders
is filled with water-saturated porous media. The materi-
als used as porous media are sandstone grains and glass
beads of 6 mm diameter. Also, the effect of particles size
is investigated through the test of sandstone grains of 2.7,
4.2, and 5.6 mm average diameter. In fact, the sandstone
grains are not exactly spherical but have a narrow size dis-
tribution for which the equivalent diameter is determined
from the lower and upper limits on the DIN standard
sieving analysis. The cooling system consists of a copper
coil of diameter 12.5 mm and 15 m length. Four thermo-
couples are distributed in the wall of the outer cylinder
surface. Eighteen thermocouples are used to measure the
temperature distributions through the porous annulus be-
tween the two cylinders by inserting fixed thermocouple
probes from eight plugs located at mid-span distance. An-
other three thermocouples are used to measure the tem-
perature of inlet and outlet cooling water and the ambient
air temperature. The readings of the thermocouples are
taken by using a digital thermometer with an accuracy of
0.1◦C. The steady state condition is achieved after∼3–
4 hours. To confirm a uniform temperature distribution,
three thermocouples are installed at the two ends and at
mid-span of the tested cylinder to measure the axial tem-
perature. The input electric power to the inner cylinder
is controlled by means of a voltage regulator. Four dif-
ferent values of modified Rayleigh numbers (Rayleigh–
Darcy) based on the equivalent hydraulic radius of the

inner cylinder were utilized in the experiments, ranging
from 50 to 200.

The local heat transfer coefficient,hx, and the local
Nusselt number, Nulocal, are calculated as follows:

hx =
qH

(Tx − Tc)
(1)

Nulocal = (hxRi/ke) (2)

whereqH , Tx, Tc, Ri, andke are the net heat flux, lo-
cal surface temperature, cold wall temperature, hydraulic
radius of the inner elliptic cylinder, and effective thermal
conductivity of the porous material, respectively.

The circumference of the inner elliptic cylinder is cal-
culated from

P =
[
2(π− (π− 2)e3)

]
(a/2) (3)

where; is eccentricity, which is given by

e =

√
1−

(
b

a

)2

(4)

Then, the hydraulic diameter and radius of the inner
cylinder are calculated, respectively, from

Di = P/π, Ri = P/2π (5)

Error analysis including the temperature measurements
and fluid properties shows that the average Nusselt num-
ber has uncertainty of 4.7% and the Rayleigh number is
uncertain by up to 6% of the reported values.

3. PROBLEM FORMULATION AND BASIC
EQUATIONS

The model considered here is a porous layer bounded be-
tween two horizontal concentric cylinders of radiiRi and
Ro, as shown in Fig. 2(a). The surfaces of the two cylin-
ders are assumed to be maintained at constant tempera-
turesTi andTo, respectively, withTi > To.

3.1 Governing Equations

The governing equations are based on steady natural con-
vection with Boussinesq flow, Darcy flow, and negligible
inertia approximation, as follows:

∂u

∂x
+

∂v

∂y
= 0 (6)

∂p

∂x
+
µf

K
u = 0 (7a)
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(a)

(b)

FIG. 2: Physical domain and computational grid

∂p

∂y
+
µf

K
v − ρfg = 0 (7b)

u
∂T

∂x
+ v

∂T

∂y
=

ke
ρfcf

(
∂2T

∂x2
+

∂2T

∂y2

)
(8)

ρf = ρr [1− βf (T − Tr)] (9)

Taking the curl of Eq. (7) and using the approximation of
Eq. (9), the following equations are obtained:

∇2ψ = −K

µf
gρrβf

∂T

∂x
(10)

∇2T − ρfcf
ke

[
∂ψ

∂y

∂T

∂x
− ∂ψ

∂x

∂T

∂y

]
= 0 (11)

where

u =
∂ψ

∂y
, v = −∂ψ

∂x
(12)

Introducing the following nondimensional variables,

θ =
T − To

Ti − To
, X =

x

Ri
, Y =

y

Ri

Ψ =
ψ

α
; where α=

ke
ρfcf

the governing equations reduce to

∇2θ−
(
∂Ψ

∂Y

∂θ

∂X
− ∂Ψ

∂X

∂θ

∂Y

)
= 0 (13)

∇2Ψ = Ra
∂θ

∂X
(14)

where Ra = Ra∗.Da.
Ra is the modified Rayleigh number and is given by

Ra = gρfcfβfK(Ti − To)Ri/keνf . Ra∗ is Rayleigh
number and is given by

Ra∗ = gρfcfβf (Ti − To)R
3
i /keνf

Da is Darcy number and given by

Da= K/R2
i

3.2 Boundary Conditions

The boundary conditions are handled as follows:
At the inner cylinder surface:

Ψ = 0, θ = 1.0 (15a)

At the outer cylinder surface:

Ψ = 0, θ = 0 (15b)

3.3 Heat Transfer Calculations

The local Nusselt number at the inner cylinder surface can
be calculated from the following equation:

Nulocal = −
(
∂θ

∂n

)
(16)

wheren represents the direction normal to the cylinder
surface. The steady state average Nusselt number at the
inner cylinder surface is given by

Nu =
1

2π

2π∫
0

Nulocal(γ)dγ (17)
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4. NUMERICAL APPROACH AND PROCEDURES

The solutions of Eqs. (13) and (14) with the boundary
conditions specified by Eq. (15) are obtained numerically
by using the Galerkin-based finite element method (Rao,
1982; Pepper and Heinrich, 1992). The finite element
technique is used to reduce the system of governing equa-
tions into a discretized set of algebraic equations. The pro-
cedure begins with the division of the continuum region
of interest into a number of simply shaped regions called
elements. The grid system used in the present calculation
is illustrated in Fig. 2(b). The element type used here is
a linear triangular element. The approximate expressions
of temperature and streamfunction in an element are given
by polynomials in terms of the nodal values and interpo-
lation functions. The interpolation functions are derived
from the assumption of linear variation of temperature
and streamfunction through the element and are given by
the following equation:

θe =
3∑

m=1

Nmθm (18a)

ψe =
3∑

m=1

NmΨm (18b)

whereNm is the usual interpolation function and is de-
fined by

Nm =
1

2A
(am+ bmX + cmY ) (19)

whereA is the element area and

a1=X2Y3−X3Y2, b1=Y2−Y3, c1=X3−X2 (20)

The other components are given by cyclic permutation of
the subscripts in the order 1, 2, and 3. If the approxima-
tions given by Eq. (18) are substituted in the governing
Eqs. (13)–(14), and the global errors are minimized us-
ing the preceding interpolation functionsNi as weighting
functions, after performing the weighted integration over
the domainG and the application of Green’s theorem, the
present model is converted into

[K1]{θ} = {F1} (21a)

[K2]{Ψ} = {F2} (21b)

where

[K1] =
E∑

e=1

∫
Ωe

(
∂[N ]T

∂X
.
∂[N ]

∂X
+

∂[N ]T

∂Y
.
∂[N ]

∂Y
)dΩe

+
E∑

e=1

∫
Ωe

(
ΨY [N ]T .

∂[N ]

∂X
−ΨX [N ]T .

∂[N ]

∂Y

)
dΩe

{F1} =

E∑
e=1

∫
Γe

(
[N ]T

∂N

∂X
+ [N ]T

∂N

∂Y

)
dΓe

[K2] =

E∑
e=1

∫
Ωe

(
∂[N ]T

∂X
.
∂[N ]

∂X
+

∂[N ]T

∂Y
.
∂[N ]

∂Y

)
dΩe

{F2} =

E∑
e=1

∫
Γe

[N ]T
∂[N ]

∂X
dΓe +

∫
Γe

[N ]T
∂[N ]

∂Y
dΓe

+
E∑

e=1

∫
Ωe

Raθ[N ]T
∂[N ]

∂X
dΩe

andE is the total number of elements,Ω the bounded
domain,Γ the domain boundary, and

ΨY =
∂Ψ

∂Y
, ΨX =

∂Ψ

∂X

Equations (13) and (14) result in two systems of lin-
ear equations. Equations (21a) and (21b) are solved it-
eratively by Gauss elimination method through a FOR-
TRAN computer code. The iterative procedure is termi-
nated when the following relative convergence criterion is
satisfied:

∣∣(Ψi+1 −Ψi)/Ψi+1
∣∣ ≤ 10−4, wherei denotes

the iteration number performed.

5. MODEL VALIDATION

First the present numerical method is validated by solving
the traditional convection problem for two concentric hor-
izontal cylinders. The obtained results are compared with
the available published data. Table 1 shows the average
Nusselt number for previous researchers. In comparison
with the present results, good agreement is found.

6. RESULTS AND DISCUSSION

6.1 Experimental Results

Experiments are carried out to investigate the effect of
the governing parameters on the natural convection heat
transfer in a horizontal elliptic annulus containing water-
saturated porous media. Really, most of the governing
parameters of the phenomenon are collected in a single
dimensionless parameter, which is called the Rayleigh-
Darcy number or modified Rayleigh, Ra, and, for simplic-
ity, Rayleigh, which is calculated based on the tempera-
ture difference between the heated and cooled cylinders.
Actually, the inner elliptic cylinder is heated under uni-
form heat flux conditions so the average wall temperature
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TABLE 1 : Comparison of the average Nusselt number for natural convection flow in a porous
medium between two concentric cylinders with radius ratio of 2

Caltagirone Rao et al. Facas and Farouk Bau Facas Present
(1976) (1987) (1983) (1984) (1995) predictions

49× 49 10× 10 25× 25 30× 44 50× 50 10× 18 Grid size
1.328 1.341 1.362 1.335 1.342 1.317 Ra = 50
1.829 1.861 1.902 1.844 1.835 1.865 Ra = 100

of the inner elliptic heated cylinder is utilized to obtain the
values of the modified Rayleigh numbers. Also, Rayleigh
number includes the effect of the fluid and the solid par-
ticle properties as well as the particle size and porosity of
the porous media.

Figure 3 depicts the variation of the average Nusselt
number with the orientation angle for different Rayleigh
numbers. This figure shows that insignificant changes in
the average Nusselt number are noticed forδ ≤ 30◦. Be-
yond this value, as the orientation angle increases, the
average Nusselt number increases. It is found also that
with the increase of Rayleigh number, the average Nusselt
number increases, but with a decreasing rate. This behav-
ior agrees well with the previous published results as in
natural convection phenomenon. Nusselt number varies
with Rayleigh number raised to an index power less than
unity and near to a quarter. Moreover, the average Nus-
selt number is correlated utilizing the present experimen-

tal data plotted in Fig. 3 as a function of Rayleigh number
and the orientation angle, as follows:

Nu = 0.4624Ra0.3117(1 + sin δ)0.2295 (22)

This correlation [Eq. (22)] is valid within the ranges of
Rayleigh number (50≤ Ra≤ 200) and orientation angle
(0◦ ≤ δ ≤ 90◦) with maximum relative error of±10%.

6.2 Numerical Simulations

Several numerical runs are carried out to investigate the
effect of the modified Rayleigh number (Rayleigh-Darcy)
in the range from 50 to 200, the orientation angle in the
range from 0◦ to 90◦, and the axis ratio ranged from 1.5
to 5. Figure 4 shows the variation of the average Nusselt
number at the surface of the inner elliptic heated cylinder
with the orientation angle. The axis ratio of the elliptic
cylinder is 1.5 and 50≤ Ra≤ 200. It is shown from this

FIG. 3: Variation of the experimental results of the average Nusselt number with the orientation angle for different
Rayleigh numbers (AR = 3)
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FIG. 4: Variation of the average Nusselt number with the orientation angle for different Rayleigh numbers at axis
ratio ofAR (a/b) = 1.5

figure that the average Nusselt number increases with the
increase of Rayleigh number. Also, as the orientation an-
gle increases, the average Nusselt number decreases and
reaches its minimum value at the orientation angle of 60◦,
then the increase of the orientation angle increases the av-
erage Nusselt number. The same behavior is noticed in

Fig. 5 for the axis ratio of the elliptic cylinder of 2.5. The
minimum value of Nusselt number takes place at an orien-
tation angle of 45◦–60◦, but the maximum value of Nus-
selt number occurs at an orientation angle of 75◦. More-
over, for elliptic cylinder axis ratios of 3.0 and 5.0, Figs. 6
and 7 illustrate that the orientation angle corresponding

FIG. 5: Variation of the average Nusselt number with the orientation angle for different Rayleigh numbers at axis
ratio ofAR (a/b) = 2.5
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FIG. 6: Variation of the average Nusselt number with the orientation angle for different Rayleigh numbers at axis
ratio ofAR (a/b) = 3.0

FIG. 7: Variation of the average Nusselt number with the orientation angle for different Rayleigh numbers at axis
ratio ofAR (a/b) = 5.0

to the minimum Nusselt number is 45◦ and the maximum
Nusselt number takes place at an orientation angle of 75◦–
90◦.

The variation of the average Nusselt number with
Rayleigh number for different axis ratios for orienta-
tion angles of 90◦, 45◦, and 0◦, respectively, is illus-
trated in Figs. 8–10. These figures show that the average
Nusselt number increases with the increase of Rayleigh
number and with the decrease of the axis ratio. Also, it

is concluded that the influence of Rayleigh number is
more significant than the axis ratio of the elliptic cylin-
der.

Based on the numerical predictions that are shown in
Figs. 4–10, the following correlation for the average Nus-
selt number is obtained as a function of the different pa-
rameters:

Nu = 0.498Ra0.3225AR−0.0777(1 + sin δ)0.0167 (23)
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FIG. 8: Variation of the average Nusselt number with the Rayleigh number for different axis ratios at orientation
angle ofδ = 90◦

FIG. 9: Variation of the average Nusselt number with the Rayleigh number for different axis ratios at orientation
angle ofδ = 45◦

This correlation [Eq. (23)] is valid within the ranges of
Rayleigh number (50≤ Ra≤ 200), elliptic cylinder axis
ratio (1.5≤ AR ≤ 5.0), and orientation angle (0◦ ≤ δ ≤
90◦). The maximum deviation of the numerical results
from the above correlation is±7%.

The flow and heat transfer characteristics represented
by streamfunction contours (dimensionless stream func-

tion) and isotherm contours (dimensionless temperature),
respectively, are illustrated in Figs. 11(a)–11(g) for differ-
ent orientation angles of the elliptic heated cylinder. This
is at Rayleigh number Ra = 100 and axis ratioAR = 3.
It is illustrated in Figs. 11(a)–11(g) that the flow in the
porous annulus is considered as a two cellular flow pat-
tern with cell centers above the elliptic cylinder. Also, the
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FIG. 10: Streamline (left) and isotherm (right) contours for Ra = 100 andAR = 3 for different orientation angles of
the elliptic inner cylinder

change in the flow pattern with the change of the orienta-
tion angle of the elliptic cylinder is insignificant, and con-
sequently, the corresponding change in the thermal field is
insignificant (Reynolds analogy), and it is observed from
the figure that the thinnest thermal boundary layer occurs
atδ = 90◦, leading to the highest rate of heat transfer. The
effect of the modified Rayleigh number on the flow and
thermal fields inside the porous annulus having an elliptic
cylinder axis ratio of 3 and an orientation angleδ = 90◦

is depicted in Fig. 12. It is noticed that as Rayleigh num-
ber increases, the values of streamfunction increase and
a thinner thermal boundary layer is attained, leading to a
higher rate of heat transfer and higher values of the av-
erage Nusselt number. Figure 13 shows the effect of the
axis ratioAR = a/b of the elliptic cylinder on the flow
and heat transfer characteristics for a modified Rayleigh
number of 150 and the orientation angleδ of 0◦. An in-
significant effect of the axis ratio on the flow and heat
transfer characteristics is observed.

6.3 Comparison of Numerical Results with
Experimental Data

In comparing the predictions of the present numerical
model with the experimental data, Fig. 14 illustrates the
variation of the average Nusselt number with the orienta-
tion angle for a modified Rayleigh number of 50 and 100,

with Fig. 14(a) using sandstone grains of average diam-
eters of 2.7 mm and 4.2 mm. To achieve higher values
of Rayleigh numbers of 150 and 200, sandstone grains
of average diameters of 4.2 mm and 5.6 mm as well as
glass beads of 6 mm are used [Fig. 14(b)]. Fair agreement
between the experimental data and the predictions is ob-
served. This means that the present developed model is
considered a good means for predicting the thermal be-
havior of natural convection heat transfer in an elliptic
annulus containing water-saturated porous media.

7. CONCLUSIONS

Natural convection heat transfer in a horizontal elliptic
annulus filled with saturated porous media was investi-
gated experimentally and numerically. The inner horizon-
tal elliptic tube was heated under constant heat flux con-
ditions and was located concentrically in a larger isother-
mally cooled horizontal cylinder. The effects of modified
Rayleigh number, elliptic cylinder orientation angle, and
axis ratio of the elliptic cylinder were examined. From
the foregoing results, the following conclusions can be
drawn.

1. The average Nusselt number increases with the in-
crease of the modified Rayleigh number.

2. The average Nusselt number increases with the in-
crease of the elliptic cylinder orientation angle from
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FIG. 11.
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FIG. 11: Variation of the average Nusselt number with the Rayleigh number for different axis ratios at orientation
angle ofδ = 0◦

the position where its major axis is horizontal to the
position of its axis is vertical.

3. There is an insignificant decrease of the average
Nusselt number with the increase of the elliptic
cylinder axis ratio for orientation angles other than
0◦.

4. Bicellular flow pattern is dominant for all values of
the modified Rayleigh numbers.

5. The effect of modified Rayleigh number, which in-
cludes the effect of fluid properties, porous medium
properties, and operating conditions, on the average
Nusselt number is more significant than the effect of
the geometric parameters such as the elliptic cylinder
orientation angle and the elliptic cylinder axis ratio.

6. The empirical correlation for the average Nusselt
number is obtained as a function of Rayleigh num-

Journal of Porous Media



Heat Transfer in a Horizontal Concentric Elliptic Annulus 581

FIG. 12: Streamline (left) and isotherm (right) contours forAR = 3,δ = 90◦ for differentAR
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FIG. 13: Streamline (left) and isotherm (right) contours for Ra = 150,δ = 0◦ for differentAR
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(a)

(b)

FIG. 14: Comparison between the experimental data and the numerical predictions for the average Nusselt number

ber, elliptic cylinder orientation angle, and elliptic
cylinder axis ratio.
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